Almost all strongly quasipositive braid closures are fibered by Banfield, Ian
ALMOST ALL STRONGLY QUASIPOSITIVE BRAID CLOSURES
ARE FIBERED
IAN BANFIELD
Abstract. We use the Birman-Ko-Lee presentation of the braid group to
show that all closures of strongly quasipositive braids whose normal form con-
tains a positive power of the dual Garside element δ are fibered. We classify
links which admit such a braid representative in geometric terms as boundaries
of plumbings of positive Hopf bands to a disk. Rudolph constructed fibered
strongly quasipositive links as closures of positive words on certain generating
sets of Bn and we prove that Rudolph’s condition is equivalent to ours. Fi-
nally, we show that the braid index is a strict upper bound for the number of
crossing changes required to fiber a strongly quasipositive braid.
1. Introduction
Strongly quasipositive links, i.e. links that are representable as closures of
strongly quasipositive braids, are an interesting class of links first studied by Rudolph,
cf. [Rud98]. Geometrically, they can be described as boundaries of quasipositive
surfaces in S3, see Figure 1a.
It is known that the slice Bennequin inequality [Rud93] is sharp for quasipositive
links in general; indeed for strongly quasipositive links the Bennequin surface is
actually embedded in S3, which implies that the slice genus equals the genus of the
link [KM93, Rud93]. This can be used to combinatorially compute the genus of a
strongly quasipositive link from any strongly-quasipositive braid representation. It
also implies that the only slice strongly quasipositive knot is the unknot. There are
connections to invariants coming from knot homology theories; e.g. the slice genus
bounds from Rasmussen’s s-invariant in Khovanov homology and the τ -invariant
in knot Floer homology are sharp [Shu07].
(a) Bennequin surface Σw (b) Charged fence diagram
Figure 1. The closure of the strongly quasipositive braid β =
a6,1a6,3a5,1a5,2 as the boundary of a quasipositive surface.
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2 IAN BANFIELD
Particularly interesting are fibered strongly quasipositive links: By work of Hed-
den and Rudolph, it is known that these are exactly the fibered links that induce
the unique tight contact structure on S3 [Hed10]. Knot Floer homology detects if a
link is fibered [Ni07], and further if a fibered link can be represented as a strongly
quasipositive braid closure [Hed10].
We will show that “almost all” strongly quasipositive braid closures are fibered.
Our proof uses a presentation of the braid group due to Birman-Ko-Lee, associated
to the so-called dual Garside structure on the braid group.
Lemma 4.1. Let β = δP , where δ = σn−1σn−2 . . . σ1 is the Dual Garside element
and P is a BKL-positive word. Then the braid closure βˆ is fibered.
See Section 2 for the definition of a BKL-positive word and the Dual Garside
normal form. We prove the following theorem.
Theorem 4.2. A link L which can be represented as the closure of a braid whose
normal form contains a positive power of the Dual Garside element is fibered.
In Section 5 we classify which fibered strongly quasipositive braids arise from
our construction and relate the condition that a link L is represented as a braid
closure whose normal form contains the Dual Garside element to a construction of
fibered links due to Rudolph [Rud01].
Theorem 5.2. A link L is the boundary of a plumbing of positive Hopf bands
to a disk D along arcs αi ⊂ D if and only if L admits a strongly quasipositive
representative β ∈ Bn which contains the Dual Garside element δ.
In particular, we show that positive braid closures are of this form.
Theorem 5.12. A non-split positive braid link L is the closure of a strongly quasi-
positive braid β ∈ Bn whose normal form contains a positive power of the Dual
Garside element.
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October 2016. Lastly, the author would like to thank Peter Feller for pointing out
a mistake in the original proof of Corollary 4.3.
2. The Dual Garside structure of the braid group
In [BKL98], Birman, Ko and Lee gave a solution to the word-problem in the
braid group using a new presentation of Bn. The generators ai,j in this presentation
correspond to pairs of strands (see Figure 2), called band generators or Birman-
Ko-Lee generators, and the relations correspond to Reidemeister moves of type II
and III.
There is a nice pictorial way to describe the generators and relators, using dots
labeled 1, 2, . . . , n arranged in a circle [IW15]. The generator ai,j is represented by
a straight line between the dots labeled i, j, as pictured in Figure 2b, and its inverse
by a dashed line. An element of Bn is represented by a sequence of such lines, see
Figure 2c. The Birman-Ko-Lee relations can be stated as follows.
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(a) Braid presentation
n
1
2
i
j
(b) Circle presentation
1
2
3
4
(c) β = a8,1a
−1
8,4a7,3a
−1
7,5
Figure 2. The generators ai,j . For convenience, define ai,j = aj,i.
The underlined number next to a line indicates the position in the
braid word.
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Figure 3. Going counter-clockwise, any two consecutive bound-
aries of the triangle with vertices at r, s, t are equivalent in Bn, i.e.
at,sas,r = at,rat,s = as,rat,r.
r
s
t
u
R
Figure 4. The representations of the braid βR associated to the
4-gon R arising from cyclic counterclockwise orders of its vertices.
βR = au,rat,uat,s = au,tat,sas,r = at,sas,rau,r = as,rau,rat,u.
• Consecutive lines in the sequence representing the braid word which do not
intersect can be re-ordered arbitrarily.
• (“Cup Product”) Consider a triangle with vertices at the dots labeled r, s,
t. Moving counter-clockwise, any two consecutive boundaries of the triangle
are equivalent. See Figure 3.
The second relation implies that one can associate to a polygon R a well-defined
element βR ∈ Bn as follows: Let the vertices of R be at (q1, . . . , qr) listed in any
cyclic counterclockwise order and let βR = aqr,qr−1 . . . aq2,q1 . See Figure 4 for an
example when R is a 4-gon.
A braid β is BKL-positive if it can be written as a word in only positive powers
of the generators ai,j . BKL-positive braids form a monoid, denoted by B
+
n , and
Birman-Ko-Lee proved that two BKL-positive elements are equivalent in Bn if and
only if they are equivalent in B+n .
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Definition 2.1. The Dual Garside element is δ = an,n−1an−1,n−2 . . . a2,1.
As the name implies, δ is in fact a Garside element for a Garside structure on
Bn. In the circle presentation, δ corresponds to the n-gon spanned by all vertices.
Definition 2.2. The starting set S(β) of a BKL-positive braid word β is the set of
generators ai,j that can appear at the start of a BKL-positive word representing β.
Similarly, the finishing set F (β) is the set of generators ai,j that can appear at the
end of β.
We will need the following facts from [BKL98].
Fact 2.3. The finishing set of the Dual Garside Element δ is the set of all gener-
ators, i.e. F (δ) = {aj,i | i, j ∈ {1, . . . n}, i 6= j}.
Fact 2.4 (Dual Garside Normal Form, [BKL98], Theorem 3.10). Every element
β ∈ Bn can be uniquely written as β = δkA1 . . . Am, where δ is the Dual Garside
element, all Ai are BKL-positive and Ais is not a canonical factor for any s ∈
S(Ai+1).
The Ai in the previous theorem are called canonical factors and correspond to
disjoint union of polygons in the circle presentation. The condition that Ais is not
a canonical factor for any s ∈ S(Ai+1) ensures uniqueness of the normal form and
is denoted by AidAi+1.
A braid is strongly quasipositive if and only if the power of the Dual Garside
element δ in the normal form is non-negative. A link is strongly quasipositive if it
admits a braid representative with a non-negative power of δ.
3. Detecting fibered braids
A link L is fibered with fiber F if ∂F = L and its exterior S3 \ ν(L) fibers over
the circle such that F is a fiber. This is a strong condition; it implies that all fiber
surfaces are isotopic and minimal genus. In fact, for Seifert surfaces F of a fibered
link the following are equivalent: F is a fiber surface, F is genus-minimizing and F
is incompressible [Kaw96].
In [Gab86], Gabai established an algorithm to detect if a link L ⊂ S3 is fibered.
The idea is as follows: Let F be a minimal genus Seifert surface for L. The link L is
fibered if and only if the complementary sutured manifold (Y, γ) = (S3\(F×I), ∂F )
associated to F is a product sutured manifold, that is, (Y, γ) ' (Σ × I, ∂Σ) for a
surface Σ. Gabai proves the following theorem [Gab86].
Fact 3.1 ([Gab86], Theorem 1.9). The link L ⊂ S3 is fibered with fiber surface
F if and only if there exists a sequence of product disk decompositions of (Y, γ) =
(S3 \ (F × I), ∂F ) that terminates in the trivial sutured manifold (B3, α), where α
is a single curve on ∂B3.
We will apply this theorem to a braid closure βˆ of a braid word expressed in
the Birman-Ko-Lee generators. Recall from Section 2 that we can express a braid
β = w as a word w in the Birman-Ko-Lee generators. For such a word w, we can
construct a canonical Seifert surface, Σw, called the Bennequin surface, as follows.
• Draw n parallel disks, one for every strand of the braid β.
• For each generator aj,i (inverse of aj,i, resp.) attach a positively (negatively,
resp.) twisted band between the disks corresponding to strands i and j,
going over all other disks.
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See Figure 1a for an example of the Bennequin surface for β = a6,1a6,3a5,1a5,2.
For strongly quasipositive braid closures, the Bennequin surface is minimal genus
among all smoothly embedded surfaces in B4 bounded by the oriented link; this
follows from Rudolph’s proof of the slice Bennequin inequality [Rud93], which in
turn relies on Kronheimer-Mrowka’s proof of the local Thom conjecture. [KM93]
Lemma 3.2 (Cancellation). Suppose a braid word w contains a term a2i,j, and let
w′ be the word obtained from w by replacing the a2i,j with ai,j (i.e. a square of
a generator is replaced with just the generator). Then the complementary sutured
manifold (Yw, γw) = (S
3 \ (Σw × I), ∂Σw) is a product if and only if (Yw′ , γw′) =
(S3 \ (Σw′ × I), ∂Σw′) is a product.
Proof. According to Gabai ([Gab86], Lemma 2.2), if (Y, γ) (Y ′, γ′) is a product
disk decomposition, then (Y, γ) is a product if and only if (Y ′, γ′) is a product.
The lemma will follow immediately once we show that (Yw′ , γw′) is obtained from
(Yw, γw) by a product disk decomposition. See figures 5a, 5b, 5c for the proof. 
Lemma 3.2 and Theorem 4.2 were inspired by Ni’s work on fibered 3-braids
[Ni09]. The operation of canceling repeated generators of B3 was called “Untwist-
ing” in Ni’s work.
For strongly quasipositive braid closures the Bennequin surface is minimal genus
and hence a fiber surface if the braid closure is fibered. This lemma then imme-
diately implies that the closure of β = w is fibered if and only if the closure of
β′ is fibered, meaning we may cancel powers of generators in deciding if strongly
quasipositive braid closures are fibered.
4. Strongly quasipositive fibered braid closures
Lemma 4.1. Let β = δP , where δ = σn−1σn−2 . . . σ1 is the Dual Garside element
and P is a BKL positive word. Then the braid closure βˆ is fibered.
Proof. We use induction on the word length L = ln(P ) of the BKL-positive word
P in the BKL generators. If L = 0, then β = δk is a non-split Artin-positive braid,
whose closure is fibered by a result of Stallings [Sta78].
Otherwise, if L > 0, write P = as,tP
′ for some generator as,t ∈ S(P ) and a
BKL-positive word P ′. Since as,t is in the finishing set F (δ) of the dual Garside
element δ by Fact 2.3, we can write δ = P ′′as,t, where P ′′ is a BKL-positive word.
Then
β = δkP
= δk−1(P ′′ar,s)(ar,sP ′)
= δk−1(P ′′(ar,sar,s)P ′).
Canceling the repeated generator ar,s, we obtain the braid β
′ = (δk−1P ′′ar,sP ′) =
δkP ′. Note that ln(β′) = L− 1 < L, and by induction we conclude that the braid
closure βˆ is fibered. By Fact 3.1 and Lemma 3.2, if βˆ′ is fibered, then βˆ is also
fibered. 
Theorem 4.2. Let β ∈ Bn be strongly quasipositive and let β = δkA1 . . . Am be its
normal form. If k ≥ 1, then the braid closure βˆ is fibered.
Proof. Apply Lemma 4.1 to β = δP with P = A1 . . . Am. 
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D
γw
(a) The piece of (Yw, γw) corresponding to a
2
i,j . The dotted blue disk D is the product
disk and the solid red arcs are part of the sutures γw.
(b) Applying the product disk decomposition to (Yw, γw).
(c) An isotopy of the suture from Figure 5b shows that the decomposed sutured manifold
is (Yw′ , γw′).
Figure 5. Proof of Lemma 3.2
The converse of Theorem 4.2 is not true. In Section 5 we explain a geometric
classification of braid closures whose normal form contains a positive power of the
Dual Garside element, and use this in Corollary 5.3 to show that the (2, 1) cable of
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Figure 6. We rewrite the braid βR corresponding to the polygon
R as βR = as,s−1 . . . ar+1,r, where l = s− r (mod n).
the trefoil is a fibered strongly quasipositive braid closure whose normal form does
not contain a positive power of the Dual Garside element.
The following corollary is known for braids on 3 strands. [Ni09, Sto06]
Corollary 4.3. After adding at most n − 2 crossings to β ∈ Bn, every non-split
strongly quasipositive braid closure βˆ on n strands becomes fibered.
Proof. By the previous theorem, we may assume that the normal form is
β = A1 . . . Am. Let Am = Pas,r for a BKL-positive word P and a generator
as,r ∈ F (Am). Consider the strongly quasipositive braid β′ obtained from β by
adding n− 2 crossings (all subscripts are mod n):
β′ = A1 . . . Am−1P (ar−2,r−1ar−3,r−2 . . . as+1,s)as,r(as,s−1as−1,s−2 . . . ar+2,r+1)
= A1 . . . Am−1Pδ (see Figure 6)
The braid β′ is conjugate to δA1 . . . Am−1P and hence its closure βˆ′ is fibered by
Theorem 4.2. 
Theorem 4.2 has the following probabilistic interpretation: Fixing the number
of strands, the probability that a randomly generated strongly quasipositive braid
word will contain δ, or in fact any subword of fixed length, approaches 1 as the word
length increases to∞. This justifies our claim that almost all strongly quasipositive
braid closures are fibered.
The above observations may lead the reader to conclude that all strongly-
quasipositive braids are fibered, but this is not true. In fact, on the class of strongly
quasipositive links, all Seifert forms are realized, so the leading coefficient of the
Alexander polynomial ∆L may be arbitrary! [Rud05]
In particular, if ∆L is not monic, then the link L is not fibered. An example of
a non-fibered strongly quasipositive braid closure is given by β3 = a3,1a4,2a3,1a4,2.
The Bennequin surface Σβ3 consists of two once-linked Hopf annuli. The comple-
ment of a thickening of Σβ3 is the Hopf-link exterior, which implies that the closure
βˆ3 is not fibered as the Hopf-link exterior is not a handlebody.
5. Hopf-Plumbed baskets
In [Rud01], Rudolph constructs fibered links that arise as closures of certain
homogeneous braids β ∈ Bn, generalizing earlier work of Stallings on closures of
homogeneous braids in the Artin generators [Sta78]. Rudolph constructs generating
set G(T ) of Bn as follows:
• Let T be a tree with n vertices and n − 1 edges. Embed the tree into C
with vertices at 1, 2, . . . n ∈ R ⊂ C and edges in the lower-half plane. Note
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1 2 3 4 5 6
(a) G(T ) = {a2,1, a4,2, a5,2, a4,3, a6,5}
1 2 3 4 5 6
(b) G(Y6) = {a2,1, a3,1, a4,1, a5,1, a6,1}
Figure 7. Espaliers and associated generating sets.
that the assumptions imply that every vertex 1, . . . , n is the endpoint of at
least one edge. These trees are called espaliers.
• To an edge e ∈ E(T ) of T with endpoints at the vertices r, s associate the
BKL-generator a(e) = as,r ∈ Bn.
• Let G(T ) = {a(e) | e ∈ E(T )} be the set of T generators.
See Figure 7 for examples of espaliers and their generating sets. The espalier in
Figure 7b is maximal 1 among espaliers on n vertices.
Let H = 〈S|R〉 be a group presentation with generating set S and relations
R. A word w is homogeneous (positive) with respect to the generating set S if
every generator s ∈ S occurs in w with either only positive or only negative (only
positive) powers. A word β in the generating set G(T ) associated to a tree T is
called a T -bandword. A strict T -bandword is a homogeneous T -bandword β
such that every generator g ∈ G(T ) occurs in β.
Definition 5.1 ([Rud01]). A surface S is a Hopf-plumbed basket if S is a plumbing
of Hopf bands along arcs αi ⊂ D, all of which lie in D. A (+) Hopf-plumbed basket
is a Hopf-plumbed basket such that all plumbands are positive Hopf bands.
Theorem 5.2. A link L is the boundary of (+) Hopf plumbed basket if and only
if L admits a strongly quasipositive representative β ∈ Bn which contains the Dual
Garside element δ.
In particular, this implies that the converse to Theorem 4.2 is not true. The
author would like to thank Sebastian Baader for providing the following counterex-
ample.
Corollary 5.3. There exist fibered strongly quasipositive braid closures which do
not contain the Dual Garside element δ.
Proof. Let L be the (2, 1) cable of the trefoil, and let F be the fiber surface for L.
By work of Hedden [Hed08] and earlier work of Melvin-Morton [MM86], F is quasi-
positive but does not deplum a Hopf band. By definition, Hopf-plumbed baskets
always deplum Hopf bands, so F can not be a (+) Hopf-plumbed basket. Theorem
5.2 then implies the boundary L = ∂F does not admit a strongly quasipositive
representative which contains the Dual Garside element δ. 
Lemma 5.4. Let
β = ar1,1ar2,1 . . . arM ,1 ∈ Bn
be a positive Yn-bandword of word length M . Consider the sequence (ri) = (r1, r2, . . . , rM ).
If there exists 1 ≤ k < n and 1 ≤ L ≤ P ≤ U ≤M such that
• rL = 1, rP = k, rU = n,
1Yn was denoted YX (for X = {1, 2, . . . , n}) in [Rud01]. The definition of the partial order is
given in Chapter 6 of Rudolph’s paper [Rud01].
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• for all i such that 1 ≤ i ≤ k, there exists Q(i) satisfying L ≤ Q(i) ≤ P such
that rQ(i) = i and further, Q(i) < T ≤ P implies that rT > rQ(i),
• for all i such that k ≤ i ≤ n, there exists Q(i) satisfying P ≤ Q(i) ≤ U
such that rQ(i) = i and further, P ≤ T < Q(i) implies that rT < rQ(i),
then β contains the Dual Garside element δ.
Proof. Informally, the idea of the proof is to slide ai,1 “down” for i < k, and
slide aj,1 “up” for j > k so they form δ. We introduce the following notation:
Let w(i, j) be the subword of w from position i to position j.2 Now let w be a
positive T -bandword for β satisfying the statement of the lemma. We will prove
that the subword w(Q(1), Q(n) of β contains δ. For convenience, define Q(k) = P .
For s ∈ S = {rQ(i), . . . , rQ(i+1)−1}, the relations in the braid group imply that
ai,1as,1 = ai,sai,1 as s > i by our assumptions. Consider
ai,1w(Q(i), Q(i+ 1)− 1) = ai,1arQ(i),1arQ(i)+1,1 . . . arQ(i+1)−1,1
= arQ(i),iarQ(i)+1,i . . . arQ(i+1)−1,i︸ ︷︷ ︸
w′i
ai,1,
and note that w′i commutes with aj,1 for j < i. We apply this equation in the next
step:
w(Q(1), Q(k)− 1) =
k−1∏
i
ai,1w(Q(i), w(Q(i+ 1)− 1)
=
k−1∏
i
w′iai,1
= w′1w
′
2 . . . w
′
k−1a1,1a2,1 . . . ak−1,1
= TLa1,1a2,1 . . . ak−1,1,
for a BKL-positive word TL. Moreover, a similar reasoning shows that for some
BKL-positive word TU ,
w(Q(k) + 1, Q(n)) = ak+1,1ak+1,1 . . . an,1TU .
To finish the proof, we note that the dual Garside element δ can be written as
δ = a1,1a2,1a3,1 . . . an,1. We can now show that the subword w(Q(1), Q(n) of β
contains δ:
w(Q(1), Q(n)) = w(Q(1), Q(k)− 1)Q(k)w(Q(k) + 1, Q(n))
= TLa1,1a2,1 . . . ak−1,1ak,1ak+1,1 . . . an,1TU
= TLδTU .
Remark The converse is true: If β contains the Dual Garside element δ then there
is a word w for β which satisfies the assumptions of the lemma. 
For the proof of Theorem 5.2, it will be convenient to use so-called charged fence
diagrams, which represent quasipositive surfaces S and define a braid word for the
strongly quasipositive link ∂S. See figures 1b and 11d for examples of charged
2For example, take z = a2,1a6,3a4,1a4,2. Then z(2, 3) = a6,3a4,1.
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α
r s
(a) A piece of the disk D and α ⊂ D.
r s
(b) Plumbing a positive Hopf along α.
r s
(c) Isotopy.
r s
(d) Further isotopy.
Figure 8. Plumbing a positive Hopf band along α ∈ D “adds the
generator as,r.”
fence diagrams, and [Rud98] for a thorough discussion of quasipositive surfaces and
charged fence diagrams.
Lemma 5.5. Let β = as1,r1 . . . ask,rkδ ∈ Bn be a braid which contains the Dual
Garside element δ. Then the fiber surface for βˆ is a (+) Hopf-plumbed basket.
Proof. We construct a (+) Hopf-plumbed basket whose boundary is βˆ. Let
D = (D1 ∪ · · · ∪Dn) ∪ (Tσ1 ∪ · · · ∪ Tσn−1),
be the Bennequin surface for the subword δ = σn−1 . . . σ1 of β. Write δ = as1,r1P
for a BKL-positive word P and isotope D accordingly.
Consider the surface D ?α1 A+ given by plumbing a positive Hopf band A+ to
this disk D along the arc α1 = α in Figure 8a. The surface D ?α1 A+ is pictured in
Figure 8b, and the sequence of isotopies in figures 8c and 8d show that D ?α1 A+
is the fiber surface for the closure of the braid as1,r1δ. Informally, this plumbing
“adds the generator as,r to the braid word.”
Now repeat this process by plumbing positive Hopf bands for the generators
(as2,r2), . . . , (ask,rk). By construction, the fiber surface ((D ?α1 A+) · · · ?αk A+) is
a (+) Hopf-plumbed basket bounding βˆ. 
Given a braid β = ar1,s1 . . . ark,skδ ∈ Bn representing L = βˆ, the lemma provides
an explicit construction of a (+) Hopf-plumbed basket (D?α1 A+) · · ·?αk A+ whose
boundary is the link L. The normal form of the representative β ∈ Bn induces
additional structure on D, which is pictured in Figure 9.
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(a) Fiber surface F bound-
ing β = a2,1a2,1a3,1δ.
b
D1 D2 D3
α1
α2
α3
(b) D = D1 ∪D2 ∪D3 ∪ T1 ∪ T2
and the plumbing arcs αi ⊂ D.
F = ((D?α1A+)?α2A+)?α3A+.
b
D1
D2
D3
T1
T2
α1
α3
α2
(c) Folding structure for D.
Figure 9
• The disk D is partitioned into disjoint disks Di for 1 ≤ i ≤ n and Tj for
1 ≤ j < n as in Figure 9c. The disks D1 and Dn are distinguished by
noting that ∂D ∩Di has a single component for i = 1 and i = n but two
components for 1 < i < n. There are two components in ∂D ∩ Tj for every
i ≤ j < n.
• There exist disks ATi ⊂ Di which satisfy (1) ∪∂αj ⊂ ∪∂ATi and (2)
ATi ∩ ∂Di is connected, where {αj} is an ordered set of compatible arcs
(defined below). We refer to ATi as an “attaching region.” In figures 9b
and 9c, the attaching regions ATi are the dotted regions contained in Di.
• Orient the arcs γi = ATi ∩ ∂Di as submanifolds of ∂D endowed with the
boundary orientation. We say that an ordered set {τj ⊂ D} of properly
embedded arcs whose endpoints are contained in ∪iγi is compatible if (1)
|γi ∩ ∂τj | < 2 for all i, j; and (2) for k > l, if a ∈ ∂τk ∩ γi and b ∈ ∂τl ∩ γi,
then a < b in the order on γi ' (0, 1) induced by the orientation.
The construction in the proof of the lemma implies that the plumbing arcs {αi}
are compatible and that the disks Di (Tj , respectively) correspond to the disks Di
(twisted bands for σj = aj+1,j , respectively) in the Bennequin surface Σδ.
We call such a structure a folding structure and denote it by (D,Di, αj), where
Di are disks in a partition of a disk D as described above and {αj} is an ordered
set of compatible arcs. To justify the omission of Tj , ATi and γi from the notation,
we note that a partition satisfying the conditions is completely determined by the
disks Di, essentially by the smooth Jordan curve theorem. The attaching regions
ATi and the arcs γi ⊂ ∂ATi are defined in terms of the disks Di and the ordered set
of compatible arcs. A priori, (D,Di, αj) may not be arising from a braid β ∈ Bn
whose normal form contains δ through the construction described in the proof of
Lemma 5.5, however, the following lemma asserts this is the case and justifies the
term “folding structure.”
12 IAN BANFIELD
Lemma 5.6. Let (D,Di, αj) be a folding structure. Then there exists a braid
β ∈ Bn which contains the Dual Garside δ such that the folding structure is induced
by β.
Proof. Let ATi be the attaching regions for the folding structure and let k = |{αj}|
be the number of arcs and n = |{Di}| be the number of disks. Define r(j) and s(j)
by ∂αj ∈ ATr(j)∪ATs(j). Let β = ar(1),s(1) . . . ar(k),s(k)δ ∈ Bn. It is straightforward
to verify that the folding structure induced by β is (D,Di, αj). 
Lemma 5.7. The boundary ∂F of a (+) Hopf plumbed basket F admits a repre-
sentative which contains the Dual Garside element δ.
Proof. The idea of the proof is to define a folding structure (D,Di, αj) and appeal
to the previous lemma. We begin by noting that according to Section 3 of [Rud01],
a Hopf-plumbed basket is completely described by the plumbing arcs S = {αj ⊂ D}
and the order in which the Hopf bands are plumbed. By re-indexing S, we may
assume the Hopf bands are plumbed in increasing order of the plumbing arcs’
indices.
Let k = |S| be the number of arcs and let p1, p2, . . . , p2k ∈ ∂D be the endpoints
of the arcs {αj} in some cyclic order. Let τ ⊂ ∂D be the arc with endpoints at p1
and p2k which is disjoint from all other endpoints pi. Choose points q2, . . . q2k−1 ∈ τ
in increasing order on τ ' (0, 1).
We now define the disks Di of the folding structure. For i = 1 and i = 2k, let Di
be a small disk containing pi; and for 1 < i < 2k, let Di be a tubular neighborhood
of an arc connecting pi to qi. This is illustrated in Figure 10b. The arcs {αj} are
compatible, as each attaching region contains exactly one endpoint, which implies
that the compatibility condition is vacuous. By Lemma 5.6, the folding structure
(D,Di, αj) is induced by a braid β ∈ B2k which contains the Dual Garside element
δ. 
Corollary 5.8. The boundary ∂F of a (+) Hopf-plumbed basket F with plumbing
arcs {αi} is the closure of a strongly quasipositive braid β = γδ, where γ is an
unlink on k = |{αi}| components.
Proof of Theorem 5.2. Immediate from Lemma 5.5 and Lemma 5.7. 
Theorem 5.9 ([Rud01], Theorems 6.1.6, 6.2.4). If S is a Hopf-plumbed basket, then
there is an espalier T and a strict homogeneous T -bandword β such that βˆ = ∂S.
Conversely, the fiber surface of a strict homogeneous T -bandword is a Hopf-plumbed
basket.
See Figure 11 for the idea of the proof in case of Yn-bandwords. It is straight-
forward to check that Rudolph’s proof holds when one restricts to strict positive
T -bandwords, which are strongly quasipositive braids:
Theorem 5.10 ([Rud01]). If S is a (+) Hopf-plumbed basket, then there is an
espalier T and a positive strict T -bandword β such that βˆ = ∂S. Conversely, the
fiber surface of a positive strict T -bandword is a (+) Hopf-plumbed basket.
Corollary 5.11. A braid closure βˆ can be represented by a positive strict T -
bandword if and only if it can be represented by a strongly quasipositive braid which
contains the Dual Garside element.
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α1
α2
α3
α4
α5
(a) Plumbing arcs {αj ⊂ D}
for F .
D1
D2
D10
α1
α2
α3
α4
α5
p1
p2
p10
(b) Folding structure.
1 2 3 4 5 6 7 8 9 10
(c) The braid βˆ = ∂F given
by Lemma 5.6.
Figure 10. Proof of Lemma 5.7. A Hopf-plumbed basket F is
described by an ordered collection of arcs {αj ⊂ D}. The attaching
regions (dotted) for the folding structure in 10b contain a single
endpoint each to make {αj} compatible.
(a) F (b) Isotopy of F (c) Isotopy to a quasi-
positive surface
1 2 3
α3
α2
(d) Charged fence di-
agram
Figure 11. The fiber surface F for the trefoil and a charged fence
diagram for F . The positive Hopf band A+ plumbed to αi ∈ D is
represented by the strand i > 1 together with the two horizontal
lines connecting strand 1 to i and the dotted arc αi.
Proof. Immediate from Theorem 5.2 and Theorem 5.10. 
Theorem 5.12. A non-split positive braid closure L can be represented by a strongly
quasipositive braid which contains a positive power of the Dual Garside element δ.
Proof. Let Tp be the espalier with n vertices and with edges connecting i to i + 1
for 1 ≤ i < n. The set of generators G(Tp) = {a2,1 = σ1, . . . , an,n−1 = σn−1} is
the set of Artin generators of Bn, which shows that a non-split positive braid is a
positive strict Tp-bandword. Now apply Corollary 5.11. 
14 IAN BANFIELD
References
[BKL98] Joan Birman, Ki Hyoung Ko, and Sang Jin Lee. A new approach to the word and
conjugacy problems in the braid groups. Adv. Math., 139(2):322–353, 1998.
[Gab86] David Gabai. Detecting fibred links in S3. Comment. Math. Helv., 61(4):519–555, 1986.
[Hed08] Matthew Hedden. Some remarks on cabling, contact structures, and complex curves. In
Proceedings of Go¨kova Geometry-Topology Conference 2007, pages 49–59. Go¨kova Geom-
etry/Topology Conference (GGT), Go¨kova, 2008.
[Hed10] Matthew Hedden. Notions of positivity and the Ozsva´th-Szabo´ concordance invariant. J.
Knot Theory Ramifications, 19(5):617–629, 2010.
[IW15] Tetsuya Ito and Bert Wiest. Lawrence-Krammer-Bigelow representations and dual Garside
length of braids. Geom. Topol., 19(3):1361–1381, 2015.
[Kaw96] A. Kawauchi. A Survey of Knot Theory. Birkha¨user Verlag, 1996.
[KM93] P. B. Kronheimer and T. S. Mrowka. Gauge theory for embedded surfaces. I. Topology,
32(4):773–826, 1993.
[MM86] P. M. Melvin and H. R. Morton. Fibred knots of genus 2 formed by plumbing Hopf bands.
J. London Math. Soc. (2), 34(1):159–168, 1986.
[Ni07] Yi Ni. Knot Floer homology detects fibred knots. Invent. Math., 170(3):577–608, 2007.
[Ni09] Yi Ni. Closed 3-braids are nearly fibred. J. Knot Theory Ramifications, 18(12):1637–1649,
2009.
[Rud93] Lee Rudolph. Quasipositivity as an obstruction to sliceness. Bull. Amer. Math. Soc.
(N.S.), 29(1):51–59, 1993.
[Rud98] Lee Rudolph. Quasipositive plumbing (constructions of quasipositive knots and links. V).
Proc. Amer. Math. Soc., 126(1):257–267, 1998.
[Rud01] Lee Rudolph. Hopf plumbing, arborescent Seifert surfaces, baskets, espaliers, and homo-
geneous braids. Topology Appl., 116(3):255–277, 2001.
[Rud05] Lee Rudolph. Knot theory of complex plane curves. In Handbook of knot theory, pages
349–427. Elsevier B. V., Amsterdam, 2005.
[Shu07] Alexander N. Shumakovitch. Rasmussen invariant, slice-Bennequin inequality, and slice-
ness of knots. J. Knot Theory Ramifications, 16(10):1403–1412, 2007.
[Sta78] John R. Stallings. Constructions of fibred knots and links. In Algebraic and geometric
topology (Proc. Sympos. Pure Math., Stanford Univ., Stanford, Calif., 1976), Part 2,
Proc. Sympos. Pure Math., XXXII, pages 55–60. Amer. Math. Soc., Providence, R.I.,
1978.
[Sto06] A. Stoimenow. Properties of closed 3-braids, June 2006, math/0606435.
Department of Mathematics, Boston College, Chestnut Hill, MA-02467
E-mail address: ian.banfield@bc.edu
